Alternation makes the adversary weaker
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Normal Form Games

Rock-Paper-Scissors

Payoff matrix of Alice Payoff matrix of Bob
Alice/Bob | Rock | Paper | Scissors Alice/Bob | Rock | Paper | Scissors
Rock 0 -1 1 Rock 0 1 -1

Paper 1 0 -1 Paper -1 0
Scissors -1 1 0 Scissors 1 -1 0




Normal Form Games

Rock-Paper-Scissors

Alice plays Rock Bob plays Scissors
Alice/Bob | Rock | Paper | Scissors Alice/Bob | Rock | Paper | Scissors
Rock 0 -1 1 Rock 0 1 -1
Scissors -1 1 0 Scissors 1 -1 0

Alice gets —1 Bob gets 1



Normal Form Games

Normal-Form Games
Matrices A and B

Payoff matrix A of Alice

Payoff matrix B of Bob

AB] 1L || 5 |- m AB] 1 || 4 [ m
1 App | oo | A | o | A 1 Bi1 | -+ | B2 Bim
0 A | - | Ay | o | Aim 7 By || Bij | -+ | Bim
n Anl e An2 e Anm n Bnl e Bn2 e Bnm




Normal Form Games

Normal-Form Games

Matrices A and B

Alice plays action ¢

Bob plays action j
A/B 1 j m A/B 1 j m
1 Ap | - | A | o | A 1 By | - | By Bim
i A - voo | Al i B - -+ | Bim
n Anl e Anj e Anm n Bnl an e Bn,m
Alice gets A;;

Bob gets B;;



Normal Form Games

Normal-Form Games - Mixed Strategies
Matrices A and B

Alice plays a prob. distr. Bob plays a prob. distr.
x=(x1,...,2n) €Ay y= (Y1, Ym) € A
A/B 1 e g e | om A/B 1 el g | om
1A | | A | | A 1 | Bu |- | B2 | | Bim
i A | | Ay | oo | Aim i Bin || Bij | -+ | Bim
n Anl e An? e Anm n Bnl t Bn2 e Bnm




Normal Form Games

Normal-Form Games - Mixed Strategies
Matrices A and B

Alice plays a prob. distr. Bob plays a prob. distr.
w:(ml,...,xn)EAn y:(yl,yym)EAm
A/B 1 e g e | om A/B 1 el g | om
1 Ay | oo | A | o | A 1 By | -+ | Bia | -+ | Bim
i A | | Ay | o | Aim { By | -+ | Bij | -+ | Bim
n Anl e An? e Anm n Bnl o Bn2 e Bnm
Alice's expected cost Bob's expected cost

x| Ay z" By



Normal Form Games

Normal-Form Games - Mixed Strategies
Matrices A and B

Alice plays a prob. distr. Bob plays a prob. distr.

x:(xl,...,xn)EAn y:(ylv---aym)eAm
AB] 1 |- j || m ABl 1T | 4 || m
1 A |- [ A | - | Aim 1 | Bu || B2 || Bim
i A | | Aig | oo | Aim { By | -+ | Bij | -+ | Bim
n At | - | Apz | -0 | Anm n Bni | -0 | B2 | - | Bum

" Ay x By



Normal-Form Games over Time

e Alice and Bob play the normal-form game (A, B) over T rounds.

> Simultaneous play: Agents simultaneously select their strategies at each
round (very well-studied).

> Alternating play: Agents alternatingly update their strategies (this work).
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Simultaneous Play

Bob challenges Alice to play (A4, B) for T' rounds.
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Simultaneous Play

Simultaneous Play
Bob challenges Alice to play (A4, B) for T' rounds.

Alice selects z; / Bob selects y; — Alice gets z{ Ay,

Alice selects x5 / Bob selects yo — Alice gets 24 Ays

Alice selects z3 / Bob selects y3 — Alice gets x4 Ays

How shoud Alice select her actions over time? No Regret algorithms

® Regret Matching [Blackwell '65]

Hedge [Freund et al. '97]

Online Gradient Descent [Zinkevic '03]

Follow the Regularized Leader [Abernethy et al. '10]
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Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A4, B) for T' rounds.
® Alice selects z; / Bob selects y; — Alice gets z{ Ay,

® Alice selects x5 / Bob selects yo — Alice gets x4 Ays

Hedge Algorithm [Freund and Schapire '97] Godel Prize '03
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Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A4, B) for T' rounds.
® Alice selects z; / Bob selects y; — Alice gets z{ Ay,

® Alice selects x5 / Bob selects yo — Alice gets x4 Ays

Hedge Algorithm [Freund and Schapire '97] Godel Prize '03

Ty (7) e~ V[Ayili

T ai(j) e

Te41(8) = >

Theorem (Freund and Schapire JCSS '97)
No matter Bob's strategies y1, ..., yr, the regret of Alice R(T)

T T
R(T) = 3 ol Ay — mind [Ayli < o (VT)
t=1 t=1

~————

cost of Alice cost of best action




Simultaneous play

Simultaneous Play

Bob challenges Alice to play (A4, B) for T' rounds.

Alice selects z; / Bob selects y; — Alice gets z{ Ay,

Alice selects x5 / Bob selects yo — Alice gets 24 Ays

Alice selects x3 / Bob selects y3 — Alice gets x;Ayg

Theorem (Freund and Schapire JCSS '97)

No matter Bob's strategies,

T T
1 T 1 . T ~ \/T
—E x, Ay < —mlng x ' Ay +(9< —0
T —~ T zen, P T
—_————

time-average cost best fixed action




Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A, B) for T rounds.
e Alice selects 1 / Bob selects y; — Alice gets xlTAyl

® Alice selects x5 / Bob selects yo — Alice gets x4 Ay

Theorem (Freund and Schapire JCSS '97)
No matter Bob's strategies y1, . .., yr, the regret of Alice R(T')

T T
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Simultaneous Play
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Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A, B) for T rounds.
e Alice selects 1 / Bob selects y; — Alice gets xlTAyl

® Alice selects x5 / Bob selects yo — Alice gets x4 Ay

Theorem (Freund and Schapire JCSS '97)
No matter Bob's strategies y1, . .., yr, the regret of Alice R(T')

T T
R(T) = Y Ay — g[iil]Z[Ayt]i < O(\/T)
t=1 t=1

cost of Alice cost of best action

Can Alice do better? No!



Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A4, B) for T rounds.
® Alice selects x; / Bob selects y; — Alice gets z{ Ay

® Alice selects x5 / Bob selects yp — Alice gets x] Ay

Theorem (folkore)

Bob can always select vy, ...,yr, the regret of Alice
T T
R(T) = o Ay — minY (A, > QVT)
t=1 et
cost of Alice cost of best action

O( \/T) regret is the best Alice can get in simultaneous play!



Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A4, B) for T' rounds.
® Alice selects z; / Bob selects y; — Alice gets = Ay,

e Alice selects xo / Bob selects yo — Alice gets x;Ayg

Theorem (folkore)

Bob can always select vy, . .., yr, the regret of Alice
T T
R(T) = Z xz—Ayt — Hel[ln] [Ay): > Q \/T)
t=1 =

cost of Alice cost of best action



Simultaneous play

Simultaneous Play
Bob challenges Alice to play (A4, B) for T' rounds.
® Alice selects z; / Bob selects y; — Alice gets = Ay,

e Alice selects xo / Bob selects yo — Alice gets x;Ayg

Theorem (folkore)

Bob can always select vy, . .., yr, the regret of Alice
T T
R(T) = Z xz—Ayt — min » [Ay]i > Q \/T)
t=1 €l
cost of Alice cost of best action

What if Alice and Bob play in alternating turns?
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Polaris [Bowling et al. AAMAS '09] — Decent Performance

Online Learning + Alternating Play
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Human Experts!



Solving Heads’'up Poker

Online Learning + Simultaneous Play

Polaris [Bowling et al. AAMAS '09] — Decent Performance

Online Learning + Alternating Play

Cepheus [Oskari et al. 1JCAI '15], Libratus [Brown et al. [JCAI '17] — Beat
Human Experts!

Regret Guarantees — Faster Training!
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Alternating Turns

Alternating Play

Bob challenges Alice to play (A4, B) for T rounds in alternating turns.
® Bob selects yo
® Alice selects z; — Alice gets x{ Ayo

® Bob selects y; — Alice gets 2] Ay,

Alice selects 3 — Alice gets x4 Ays

Can Alice have regret R(T) better than O(/T)?

T/2 T/2
R(T) = Z x;—kJrlA(ka + Y2r+2) — xfgiAn Z z" A(yak + Yort2)
k=0 T k=0

Alice's cost best fixed action



Alternating Turns

Alternating Play
Bob challenges Alice to play (A, B) for T rounds in alternating turns.

® Bob selects yg

Alice selects 1 — Alice gets x{ Ayo

Bob selects y, — Alice gets x| Ay

Alice selects 3 — Alice gets x4 Ays

Theorem ([Cevher, Cutksovsky*, Piliouras, Skoulakis*, Viano NeurlPS '23
spotlight])
In alternating play, Alice can always guarantee

o O(T'/3) regret for general games.

® O(logT) for n = 2 actions (different algorithm).
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Previous Results
e |f both Alice and Bob use Gradient Descent in unconstrained
zero-sum games — O(1) regret [Bailey et al. COLT 2020]

* If both Alice and Bob use Hedge in zero-sum games — O(T'/3)
regret [Wibisono et al. NeurlPS 2022]
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Alternating Turns

Previous Results
e |f both Alice and Bob use Gradient Descent in unconstrained
zero-sum games — O(1) regret [Bailey et al. COLT 2020]

* If both Alice and Bob use Hedge in zero-sum games — O(T'/3)
regret [Wibisono et al. NeurlPS 2022]

Previous results make assumptions on Bob's behavior.

Theorem ([Cevher, Cutksovsky*, Piliouras, Skoulakis*, Viano NeurlPS '23
spotlight])
In alternating play, Alice can always guarantee

o O(T'/3) regret for general games.

® O(logT) for n = 2 actions (different algorithm).

no matter Bob’s behavior!



Alternating Turns

Alternating Play

Bob challenges Alice to play (A4, B) for T rounds in alternating turns.
® Bob selects yq
® Alice selects 71 — Alice gets 2] Ay
® Bob selects iy — Alice gets x{ Ays

® Alice selects z3 — Alice gets x4 Ays

Simultaneous Play  Alternating Play

General Games O(VT) tight O(T"/3)
O(VT) tight O(logT)

2 actions for Alice




Alternating Turns

Alternating Play
Bob challenges Alice to play (A, B) for T rounds in alternating turns.

® Bob selects yo

® Alice selects 1 — Alice gets x{ Ayo
® Bob selects yo — Alice gets x{ Ays
® Alice selects z3 — Alice gets x4 Ays
e ...

Our algorithm (general simplex)

k—1 n
: T T
Topy1 < argmingen (3 @ Ay + 2 Z ' Ayapr - - Zlog T;
exploits Yo k'=0 i=1

reinforces good past actions prevents overfitting



Alternating Turns

Alternating Play
Bob challenges Alice to play (A, B) for T rounds in alternating turns.

® Bob selects yo

Alice selects 1 — Alice gets x{ Ayo
® Bob selects yo — Alice gets x{ Ays
® Alice selects z3 — Alice gets x4 Ays

Our algorithm (general simplex)

k—1 n
Top41 ¢ argmin 3z A o + 2 z' A ok’ — - log z;
+ TEA,
ool k’'=0 =1
ploits yap
reinforces good past actions prevents overfitting

Setting v = O(T/3) — O(T'/3) alternating regret
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2 action simplex

e If Alice admits 2 actions — O(logT) in alternating play!
® Atround t =2k +1

> Greedy Best Response — wy = argmin,c [mTAka}

> Follow the Regularized Leader —

t/2
2k = arg min Z :I,‘TAka + ’yHa:HQ
TEA, ke1
> If FTRL (z1) admits O(V/T) regret — Greedy BR (wy) admits O(1)
regret
> If Greedy BR (wy) admits O(V/T) regret — FTRL (zi) admits O(1)
regret



2 action simplex

e If Alice admits 2 actions — O(logT) in alternating play!
® Atround t =2k +1

> Greedy Best Response — wy = argmin,c [mTAka}

> Follow the Regularized Leader —

TEA, k—1

/2
2 = arg min lz xTAka ar ’Y|m|2]

> If FTRL (z1) admits O(V/T) regret — Greedy BR (wy) admits O(1)
regret

> If Greedy BR (wy) admits O(V/T) regret — FTRL (zi) admits O(1)
regret

® Alice plays xog 11 in the convex hull of 2z and wy.
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Algorithms beyond O( \/T) regret lower bounds of simultaneous play.
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Take-Away Message

Algorithms beyond O( \/T) regret lower bounds of simultaneous play.

Simultaneous Play  Alternating Play

(VT) tight O(T'/?)
(VT) tight O(log T)

General Games O
2 actions for Alice O

Thank you!!
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