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Abstract

Curry’s Combinatory Logic is a functional calculus which may serve as a foundation to
the theory of computations, even to computational complexity. Combinatory Logic, which
is based on the two combinators S and K, is an undecidable theory. The theory based only
on S was proved decidable by Waldmann. We present a regular tree grammar and prove
that it exactly produces all normalizing S-terms. Thus, the complexity of deciding whether
an S-term X has a normal form is linear. Our grammar is equivalent to another one by
Waldmann, but in contrast to our grammar, the correctness of Waldmann’s grammar was
only proved with the help of computer programs.

1 Introduction

We call S-terms the elements of a system generated by one symbol S and one non-associative
and non-commutative (implicit) operation that we call application:

(i) S is an S-term.
(ii) If my and mgo are S-terms, (mymz) is an S-term.

In this construction we say that mi and mo are proper sub-terms of the constructed S-term. S is
a sub-term of any S-term. Also, we say that an S-term is a sub-term of itself. We may abbreviate
by omitting parentheses by using left association. For example, we write SS(S(SSS))S instead
of (((SS)(S((55)9)))S) and ayz = (wy)= £ (y2).

Here, we use lower case italic letters to represent S-terms. We use upper case calligraphic
letters to represent sets of S-terms. For any sets of S-terms A and C, we will write AC = { ac |
ac Aand ceC}.

We define the length of an S-term to be the number of occurrences of the symbol S in the
term. For any S-term z, we write |z| to denote the length of x.

The reduction relation — is defined here by the S-rule:

Sxyz def, xz(yz) .

The left hand side, Szyz, is sometimes called redex and the right hand side, zz(yz), reductum.
For example, SSdc¢ — Sc(dc). In general we write x — y if y can be written by replacing
some redex, sub-term, in z by the corresponding reductum of the S-rule.

The original motivation of this problem was the need to create a Functional Calculus in-
stead of Set Theory as a foundation for Theory of Computation, i.e., for Computability (Thue,
Schonfinkel [12], Curry [0, [7], Church [4], Turing, Markov) but even for Computational Com-
plexity. In such a functional calculus only one operation is needed: application f(g). We write
(fg) instead of f(g). Schonfinkel made the following observation: functions of one argument
are enough, e.g., f(g,h) = ((fg)h). We use left association for dropping some parentheses, i.e.,
instead of ((((fg)(h(gh)))((gh)((fh)[)))) we write fg(h(gh))(gh(fh[)). Many people have been
involved in similar investigations [17} [T}, 2, [3, [8], 10} 111, 13} 15} 14} [9].

An example is the S K-Calculus or Combinatory Logic of H. Curry [6] which contains the sys-
tem with S-terms and the S-rule. It has the rules Stitats — t1t3(tots) and Ktita — t1. Actually
there are many other combinators and rewriting rules but the system {S, K} is complete.
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When reducing by the S-rule we eliminate one symbol S from an S-term and introduce a
replica of a sub-term in the S-term, hence, if x — y, |x| < |y|. Thus a reduction step certainly
does not reduce the length of the S-term.

We use the abbreviations A % 5§55 and B & § (SS). Applying the S-rule twice we get:
Bad = S(SS)ad — SSd(ad) — S(ad)(d(ad)),

which we will write:

Bad >+ S(ad)(d(ad)).

In general, for k > 0, we write *5 to represent k reduction steps.

Here we describe other extensions of the relation —. The transitive closure of — is denoted
by —— and its reflexive transitive closure is denoted by —. For two sets of S-terms X and Y,
we will write X — ) if for any © € X we can apply the S-rule on some redex sub-term of x so
that  — y for some y € ). Similarly, we will extend the other relations described above to sets
of S-terms.

We say that an S-term «x is in normal form if the S-rule cannot be applied to any sub-term
of z, i.e., there is no redex in z. We say that = has a normal form and write z | if x — n for
some n in normal form; we write 1 otherwise, i.e., if x does not have a normal form, which is
equivalent to: there is a non-terminating reduction chain starting with z.

The question whether a given S-term is normalizable was answered positively in [16]:

THEOREM 1. There is an algorithm that decides if a given S-term has a normal form.

A regular tree grammar is a tuple G = (I, N, F, R), where I is the axiom, N is the set of
non-terminal symbols (with I € N), F is the set of terminal symbols, and R is the set of rules.
Moreover, each rule is of the form A ::= 3, where A € N and (3 is a tree on N U F. Also, the
arity of all non-terminal symbols is 0. For more details and for the set of terms generated by a
regular tree grammar, see [5].

Waldmann [16] showed that the set of normalizable terms can be generated by a regular
tree grammar, but his proof relies on a computer program. In this paper, we give a regular tree
grammar generating exactly all normalizable S-terms and we provide a proof of its correctness
without a computer. As a result, since one can construct a deterministic tree automaton from
a regular tree grammar [5], it is possible to decide normalization of an S-term in linear time.

2 Notations

We first introduce some further notation.
Suppose x — y. Then, for any sub-term z of y we will write x 25 2. For example:

Sadc 2. de.

As extensions of i), we will denote its transitive closure by —— and its reflexive transitive
closure by —=+. Using this notation we have the following fact:

Suppose X -+ X. Then, there is an infinite reduction chain
starting with any z € X, i.e., X' 1.
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We are using a notation similar to that of regular expressions, e.g., we write S instead of
{S}, we write X + Y instead of X U Y, etc. We define the sets M and N to be the (least)
solutions of the fixed point equations:

M 5 mMm, and

N 5 SN+ SNN.

That is, M is the set of all S-terms; A is the set of all S-terms that are in normal form. For
any set X we define X = M — X.
With this notation, we will also define the sets:

def

Ql - Sa
Qo def S+S8S5, and
03 ¥ 91 55+5(58S) = S+S5+B.

So @Q; is the set of all S-terms of length greater than one; Qs is the set of all S-terms of length
greater than two. Some immediate facts are:

Ql = 5SS+ Q2 )
MQZ Q Qz’—i—l Q Qz forz'zlandizQ, and
MQ3 C Q3.
Since every redectum is in MMM C Q3 C Qy C OQ;, we can always write x — Q,; for any
redex x (or any term x that has a redex!) and ¢ = 1,2, and 3.
For sets of S-terms A (the prefiz set) and D (the base set) we recursively define (A)*[D] for
all n > 0 with:
(A°[D] = D and
(AFTD] = A((Af[D]) for k> 0.
The set of all terms defined above is:
(AFD] = S(AVID) = (APID] + (AV D]+ (APID] + -+
n>0
which is the (least) solution of the fixed point equation:
(AFID) = D + A((AY[D]).
Remark 1. The expressions defined above describe sets of normal forms when the prefix A C
S + SN and the base D C N, e.g., (SN}HN] = SNN CN.
Example:
(SS+ B) [SN] =
N 4+ SS(SN) 4+ B(SN) + SS(SS(SN)) + SS(B(SN)) + B(SS(SN)) + B(B(SN)) + - - -

Remark 2. Whenever (A)*[D] is defined so that D has no term also belonging to AM, if
ax € (A)[D] for some a € A, x € (A)[D].

Using this notation we define:
£ < (5570291

Remark 3. Q1€ = (SS 4 Q2)E = SSE + Q€ C E+ Q2071 C &, ie., for any g € Qp, ¢€ C E.
That way, we can say £ = (Q1)*[Q2091].
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3 The grammar

The regular tree grammar has the axiom non-terminal symbol (N') (which generates all normal-
izable S-terms). It has the following rules. The proof of the correctness of the grammar is quite
lengthy and is given in the appendix.

(V) = S | (Lo) (M) | (Ho) (Lo) | (L) (Ho) | (L2) (L1) | (NT) S| (£a)(SS)
(Ho) = S | SNV | SS (Ho) | B(Ho) | (Ho)S | (Hy ) (SS)
(Hy') u= (Hy ) | (Ks)

)= (L0 [ (L))
(Lo = (Ko) | (K1)
(L") u=B|SB|SS(L")

(K3) := (o) S| S S (K3)
(Ka) = (K1) | S(L7) | SS (Ka)
(K1) :=(Ko) S| S S (K1)
(Ko) == S| (K1) S | 58S (Ko)
A:=8885
B:=5(S89)
(Lo) =S| SN[ (L£,")S ]88 (Lo)
(L1) == (L") S| SS (L)
(L) = B(SS)|A(SS)|BB[(Ly")S|SS(Ls)
(L5 w= (Ka) S | S S (L")
(Kq) 2= B | S5 (K4)
(La) =SS (La) | B(Ls) | (LS (L) (SS)
(L37) = (L") | (Ke)
(L, = (Ko) S| S (Hy ") 1 SS(L,”7)
(Kg) ::= (K5) S | S S (Ks)
(Ks) == (Ko) S| S{(Ko) | SS(K5)
N a= S TSN 1S (Ho ) (Lo™) 1 S(L7) (Hy ™) | S{L7)(L77) 1 S(£7) S |

(KoY (Lo") [ (1) B (F2) (Lo") | (Ta) S | {Ta) (L) [ {L£1) S | (Ts) (S S) |
(Ts) (L") [ (T2) S | (Ta) S | (Ti0) S (L5 (58) | S (L") (N7

n=A

= (Ko) S | S (Hy") | S5 ()

= (Ko) S | S(£,") | S S (Js)

=SS (SS)|AS

=SB(S8)| 55 ()

2=B(SS)|SS(Ts)
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(Tr) = (Ka) S| B(Ly") | SS{T7)
(Ts) == S{L,") | S5 (Ts)
(Jo) == (Ts) S| SS(Jo)
(T10) =SS (Tio) | 5L ) (L") | SS(S8) (Lo") | AS (L") | B(SS)(SS) | (Tu1) S
(J11) 1= S S (Tun) | S(Ka) | SA(L,) | SS(SS)A| ASA|(Ta) S
(Ji2) 5= S S (Ti2) | SS(SA)| SA(SS)
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Appendix
A Easy Facts

PROPOSITION R. For sets of S-terms A, D, and C, (SA[D]C — (ACY[DC]. In particular,
(SAY[D]C =5 DC so, if DC*T, (SAY[D]C*.

Proof. By induction. Inductive Base: (SAY[D]C = DC = (AC\[DC] .
Inductive Step: For k > 0, if (SAF[D] C *, (ACY[DC],

(SAFTID] ¢ — (AC)((SAFD]C) - (AC)((ACKIDC]) = (AC)+Y[DC). 0

Now, we can prove some preliminary results on non-normalizing S-terms:

CLamM 1. EE1 .

Proof. To prove that E€1 we will show that £& -2» £€. Using PRoPOSITION R} £6
(SE)[Q29:1E&]. Thus, it will suffice to show ¢Q;& — EE, for any ¢ € Q2. We need to consider
three cases:

(i) Suppose ¢ ¢ N. Then, g has a redex, ¢ — Qa, and ¢Q1& — Q20:E C EE.
(ii) Suppose ¢ € S(N'N Q). Then, Q1€ € SQ19:1E — Q1E(Q1E) C EE (from Remark@.
(iii) Suppose ¢ € SNN. Then, ¢01& € SNNQ1E 5> NO1(NQ1)E C Q9:E C EE. O

CLAIM 2. QgQQQlT .

Proof. To prove that Q309,Q; 1 we will show that Q30,01 -5 Q30,0; + EE. For g € Q3 we
need to consider the following three cases:

(i) Suppose ¢ ¢ N. Then, ¢ has a redex, ¢ — Qs, and aQ2Q1 — Q39209;.
(ii) Suppose ¢ € S(N'N Q). Then, Q2091 € SQ290291 — Q291(Q2Q;) C EE.
(iii) Suppose ¢ € SNN. Then, ¢Q2Q1 € SNN Q291 = NQa(NQ2)91 C Q3020;. O

Thus, in this technical preliminary session we established the following:
COROLLARY 1. (9392091 4+ E&)7

Recall: B = S(SS), Q3 =S+ SS+ B, Qs = B+ Q3, Q1 = SS+ Qy, and € = (SS)[Q204].

B Classification

For the proof of the theorem of this paper, we can limit ourselves to S-terms of the form NN
That is because for any S-term mmso we can apply the algorithm recursively to m; and ms
and answer no if either recursive call returns no, otherwise use the normal forms returned by
those calls. To do that, we proceed now to classify all S-terms in N into different classes H,
Hi, Lo, L1, ... Then, the theorem is achieved by dividing the result into proofs that cover all
combinations of normal forms from these classes. We will discuss the result such pairs, e.g., for
(Ho, Lo) whether HoLy 1, in the next section.
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To dissect N, we first define the following disjoint sets:

Mo & (SS+ By [S+ SN +SBS+SB(SS)]  and

Hi © (S + BY [Q3Q2 + SQaM] .

Some easy facts are Ho C N, unlike H1, and Hg, H1 are disjoint.
CraM 3. Hg and Hq cover N.

Proof. We will show H; NN C Hg (in fact, Hi NN = Hy).

First note that if + € H;, SSx € H; and Bx € H;. Contrapositively, if SSz € H;
or Bx € Hi, x € H; must follow. Later, we will recall the previous statement as our initial
observation.

Now, we expand:

Q39 = S+ SM+ SSM + BM + MS + M(SS) and
SOsM = S+ SM+SSM+ BM + SBM + QuMM.

That way, we can compute:

HiNN C (9392 +SOsM)NN = S+ SN + SSN + BN + SBS + SB(SS),
since Q1 MM C N. Then, for any € H; NN one of the following cases must apply:

(i) = € S+SN +SBS+SB(SS) or
(i) = € SSN + BN.

Case (i) coincides with the base of Hg. Suppose case (ii), i.e., x = SS2’ € Hj or x = Bz’ € Hy
for some 2’ € N. Then, from our initial observation, =’ € H;. This pops an equivalent choice
for 2’. But case (ii) may apply recursively for only a finite number of times because each time
the size of the term is reduced. Eventually, case (i) must be attained. Therefore:

z € (SS+ B)[S+ SN + SBS+ SB(SS)] = Ho. O
We further refine and dissect H; into more mutually disjoint sets:
Lo = (SSY[S+ SN],
Ly = (SS9 [BS+ SBS],
Lo = (SS)Y[B(SS)+ BB], and
L3 = (SSY[SB(SS)+ BQs] .
Some easy facts are Loy12 def Lo+ L1+ Lo CHp and Ly, L1, L9, L3 are mutually disjoint.

CLAIM 4. Lo, L1, Lo, and L3 cover Hy.

Proof. We will show that: £3NHg C Lo12 —in fact L3N Ho = Lo12.
First, note that if € £3, SSx € L3. Contrapositively, if SSx € L3, x € L3 must follow.
Simultaneously, from the definition of Hy (and Remark @, if SSz € Ho, © € Hop. So, if
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SSx € L3N Ho, x € L3N Ho must follow. Later, we will recall the previous statement as our
initial observation.

Now, we expand:
BQ3 = S+ SM+SSM+ QsM+ BS+ B(SS) + BB.
That result combined with:
QM NHy = SBS+ SB(SS)

facilitate the computation of:

LsNHo C (SB(SS)+ BQ3)NHy = S+ SN +SSN + SBS + BS + B(SS) + BB.
Then, for any x € £3 N Hg one of the following cases must apply:

(i) = € S+SN+BS+SBS+ B(SS)+BB  or
(i) = € SSN.

Case (i) coincides with the base of Lg12. Suppose case (ii), i.e., x = SSz’ € L3 N Hy for some
2’ € N. Then, from our initial observation, 2’ € £3NHo. This pops an equivalent choice for 2.
But case (ii) may apply recursively for only a finite number of times because each time the size
of the term is reduced. Eventually, case (i) must be attained. Therefore:

x € (SS)[S+ SN + BS+SBS+ B(SS)+ BB| = Loi2. O

From CrLAIM [3|and CLAIM (4] we partition N according to the following diagram (the circle
represents A/, double lines surround H; notice that #; and L3 intersect both inside and outside
of N/, but that will not be a problem):
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C The Proof

With these definitions and letting Lo3 def Lo + L3 and L1923 def L1+ Lo + L3 we will prove
THEOREM (1| by proving:

PART 1. Lo N | PART 5. Lo3 L9371
PART 2. Ho Lyl PART 6. L3L1 71
PART 3. L1 Ho !l PART 7. H1 Q21
PART 4. Lo L] PART 8. Lio3H1 T

PART 9. There is a method to reduce any term in N'(S+SS) to
a form covered in one of Parts [1] through[8 In particular, for
any x € (H1NN)(S+SS) we can decide if x has a normal form.

Proof of Part[1. Using PROPOSITION [R] (and Remark :
LoN = (SSF[S+SNIN = (SNY[SN +SNN]| C (SNY[N] C N. O

Proof of Part[3 We show HoLy] by induction on the structure of Hy and by using PART
(i.e., LoN | ). We will abbreviate the base of Hy: © = S + SN + SBS + SB(SS).

Inductive Base: We divide @Ly in the following cases:
(i) SLy C SN CWN.
(ii) SNLy C SNN CN.
(iii) SBSﬁO — BEU(SEQ)
5 S(Lo(5L0))(SLo(Lo(SLo))

[ Using PART [1] £o(SLo) == N ] 5 SN(SLoN) C N
(iV) SB(SS)£0 — Bﬁo(SSﬁo)
[ Similar to (i) ] 5 SN(SSLON) — SN (SN (LoN))
[ Using PART [1} LoN — A ] 5 SN(SNAN)) C N

Inductive Step: For k > 0, we assume (SS + Bff[0] Lo — N. Then:

(v) SS((SS+BY(6]) Lo — SLo((SS+B)[6] Lo)
[ By inductive hypothesis ] 5 SLUN C N

(V) B((SS+BFIO]) Lo 2> S((SS+BYI6] L) (Lo((S5+BF () Lo))
[ By inductive hypothesis ] 5 SN (LoN)
[ Using PART ] S SNN CN. O

Proof of Part[3 We show L£1Ho| using PART [2] (i.e., HoLo ). We start proving the claim for

9
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the base of £, slit in two parts:
(i) BSHo =+ S(SHo)(Ho(SHo))
[ using PART [2] #0(SHo) == N ] =5 S(SHON C N .
(ii) SBSHy — BHO(SHO)
5 S(Ho(SHo))(SHo(Ho(SHa)))
5 SN (SHoN) C N
Then, using PROPOSITION [R],
LiHo = (SSY[BS + SBS|Ho — (SHo) [BSHo+ SBSHy] — (SNYN] C N. O

Proof of Part[f] We show L2£1 | using PART [3| (i.e., £L1H( ] ). We first prove the claim for the
base of L slit in two parts:

(i) B(SS) £1 =+ S(SSL1)(L1(SSL))
[ using PART [3] £1(SSL1) = N ] L S(SSLON C N
(i) BBL, - S(BL1)(L1(BL1))
[ using PART |3} £1(BL1) — N | 5 S(BLH)N C N .
Now, using PROPOSITION [R]
LoLy = (SSY[B(SS)+ BB| L1 = (SL1Y[B(SS)L1+ BBL] = (SNY[N] C N. O

Proof of Part[3. The claim Lo3L937 follows immediately from CLAIM [I] after proving: Loz =
Lo+ L3 C E. But this follows directly by combining the statements:

(i) B(SS)+ BB C Q39 and
(i) SB(SS)+BQ3 C Q9.
with the definition of L9 and L3 respectively. O

Proof of Part[f. We will prove £3£11 by letting G = Q3Q5 and showing: £3£; = £,G
Q39597 the result follows from that statement and CLAIM First, to examine the base of L3,
we check:

(i) SB(SS)ﬁl — B£1(55£1) - BQ3£1 and

(ii) BQ3£1 i) S(Q3£1)(£1(Q3£1))) :
Then, by PrRoPOsITION [R}

L3l =5 (SB(SS) + BQ3)L1 = £1(Q3L1) C L4G .
Now we split the base of £; in the two cases:
(i) BSG - 5(SG)(G(SG)) and
(iv) SBSG — BG(SG) =+ 5(G(SG))(SG(G(SG))).
Then, by PrRoPOsITION [R}
£1G =5 (BS + SBS)G -2 G(SG) C Q3020 . O

10
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Proof of Part[]. To prove H1Q21 we notice that: SQ3MQs — Q3Q02(MQ2) C Q3050Q;.
Then, by PROPOSITION [R]

H1Qy — (Q3Q0+5QM)Qy — Q3091
This result combined with CLAIM [2| completes the proof. O

Proof of Part[8§ To prove Li23H11 we first note that:
L1293 C (SSY(BM + SBM).

So combining the cases:
(i) BMH; 5 S(MH) (M1 (MH,)) and
(i) SBMHy — BHi(MH1) = S(H1(MH:))((MH:) (Ha(MH)))

with PROPOSITION [R] we get:
Li3H1 25 (BM + SBM)H; 25 Hi(MH;) C H1Qs.
This fact combined with PART [7] completes this proof. ]

Proof of Part[9 First, we will prove that for any S-term n € A we can decide if n(SS) has
a normal form using induction on the size of n. As inductive base, if [n| = 1, n = S so
n(SS) = S(S9) is in normal form. For the inductive step, we suppose that the statement is
true for all S-terms of length < k. Then, if |n| = k + 1 we need to check two cases:

(i) Suppose n = Sny. Then, n(SS) = Sn (SS) is in normal form.
(ii) Suppose n = Sngns. Then, n(SS) = Snang(SS) — na(SS)(n3(SS)). But by inductive
hypothesis, we can decide if n2(SS) — ny € N and n3(SS) — ns € N. If that is the

case, n(99) % nuns and we can decide if n4ns has a normal form by one of PARTS
(note that ns # SS because |ns| > |n3(SS)|). Otherwise, n does not have normal form.

A similar inductive proof shows that for any n € N' we can decide if nS has a normal form.
As inductive base, if [n| =1, n = S so nS = SS is in normal form. For the inductive step, we
suppose that the statement is true for all S-terms of length < k. Then, if |n| = k + 1 we need
to check two cases:

(i) Suppose n = Sny. Then, nS = SnyS is in normal form.

(ii) Suppose n = Sngns. Then, nS = SnanzS — n2S(ngS). But by inductive hypothesis we
can decide if noS — ng € N and n3S —— ng € N. If that is the case, nS — nyns and
we can decide if nyns has a normal form by one of PARTs [T}f§] or the first part of this proof
(note that ny # S because |ns| > |n3S|). Otherwise, n does not have normal form. O

D A Grammar for (H)

From this point on, we use the angle brackets (-) to denote the set of “predecessors” for a given
set. That is, for any set A,

A (zeM|zs AY.

11
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It is our objective to develop a context free grammar to recognize (N'). Naturally, we will use
these sets of predecessors as non-terminal symbols in our grammar.

The terms in (N) are either S or terms of from (N)(N'). To describe the terms of the second
form we use the classification of A/ into Hg and H1, and the further classification of Hg into Lo,
L1, Lo, and L3. With these classes, the applications described in PARTS [I] through [9] cover all
possible terms in NN. Because of the incomplete nature of the result in PART [9] we need to the
define the following sets:

NS {neN|nS-5 N} and
N e N n(SS) 25 N Y.
Then, the results from PARTS prove the sufficiency of:

(N) = S| {Lo) (N | (Ho) (Lo) | (L1) (Ho) | (L) (L1) | N )S [N ) (SS)

(Here, the production symbol ::= can be substituted by equality when the disjunction symbols
| are substituted by union.) In this section we will expand (Ho).
Before proceeding, we need:

CLAIM 5. The sets Q3Qo, SQ3sM, and, by extension, Hy are closed under reduction, that is, if
a term in either set reduces, the resulting term lies in the same set.

Proof. If SSm or Bm has a redex, it must be a sub-term of m, otherwise SSm + Bm C SNN,
i.e., each term would be in normal form already. So, we only need to show the result for Q309s
and SQsM.

If m = Smimg € SQ3M has a redex, such redex must be a sub-term of my, with m; — m/,
or a sub-term of mgy, with mg — mj. Either way, m’ = Smima or m' = Smym/, satisfies
m’ € SQ3M because if m; — m/}, m)| € Q3 —since S, SS, or B are no redecta.

If m = mime € Q3092 has a redex, such redex must be a sub-term of mi, with m; —
m/}, a sub-term of my, with mg — m’Q, or the redex is the entire term mimg = Smgmgy ms,
with m; = Smgmy. The cases m’ = mimy and m’ = mym/, satisfy m’ € Q3Qs because in
either case m} € Qs or m,, € Q3 C Q3 because no redex reduces into S, SS, or B. Finally
m’ = mgma(myms) also satisfies m’ € Q3Qs because both m3my and mgms € Q3 because
mo € Q. O

The result above reveals that (Hg) and Q3Qs are disjoint. Since Ho C N, this fact is
equivalent to (Ho) C (S+SS+B)(N) + (N)(S+SS). This will facilitate the grammatical
description of (Hp). For this, we introduce the following sets:

H,® def {neN|nS = Hy} and
1,°" € (neN | n(SS) =5 Hot.

Hence, we can describe (Hg) completely with:
(Ho) == S| S(N)|SS (Ho) | B(Ho) | (Hy ) S| (H™) (SS)

because the application of other pairs of strings in (NV)(N) results in H;. However, we are left
with the task of producing rules for (#,, *) and (Ho %), We start with:

12



Checking in linear time if an S-term normalizes Cheilaris, Ramirez, and Zachos

CLAIM 6.
Hy™ = (SSY[S+ S5+ B+ SB] .

Proof. Easily, PROPOSITION [R] verifies:
(SSY[S+SS+ B+ SBJ(SS) = (B)'[B+ SS(SS)+ B(SS)+ SB(SS)] € Hop .

Suppose that n(SS) — Hy for some n € N = S + SN + SNN. For any n € SQ3 we
have n(SS) € SQ3M C H;, which is a contradiction. However, all n € (S + SN) — SQ3 =
S+ 5SS + B + SB satisfy n(SS) € B+ SS(SS) + B(SS) + SB(SS) C Ho,s0n € ’HO . This
choice of values coincides with the base for the terms in ’HO we want.

If n € SNN, n = Sniny for some nj, ng € N. Then, n(SS) — ni(SS5)(n2(SS)). This
way, n1 = 5, or else n1(595)(n2(SS)) € Q3Q2 C H;1, which is a contradiction. With n = SSna,
n(SS) — B(ny(SS)) but this still requires ny(SS) — Ho. This means any term n € HESS may
have SS as prefix any number of times, but its base must be some n’ € (S 4+ SN) N Hass. O

Readily, H,, *%C Ly € Ho. We classify the terms in Ho * as follows: S € Ho *®: the terms
in Hass of the form SN are SS + B + SB; and the terms in %ass of the form SNN are the
terms in SSH,"

CLAIM 7.
—-SS

{(neN|n(SS) = H, "} =S +858S.

Proof. Clearly, (S + SS)(SS) = B + SS(SS) — ’Hass. Now, suppose 1n(SS) — ny for some
n € N with ny € ”Hass (SS) [S+ SS+ B+ SB]. Then, n; € Ho, because Hass C Hp, so
n(SS) == Hp and n € 7-[0 . Then, n; is within of normal forms reduced from H,, SS(SS),
i.e., ny € (B)[B+ SS(SS) + B(SS) + SB(SS)] —using PRoOPOSITION [R] By comparing the
expressions that describe the sets where n; belongs, we deduce n; € B + SS(SS), therefore
neS+S5S. O

Let

Ko ¥ (ssy1s], K1 ¥ (SSF[SS], and Kot & Ko+ K1 = (SSF[S +SS] .

CLAIM 8.
—-SS

{neN|nS -5, } = Ko .

Proof. Let G ={n e N | nS = H,""}. Suppose nS = Hy"" for some n € N = 8 + SN +
SNN.

If n € SNN, n = Snins for some ny, ng € N. Then, nS — n15(nyS). This way, n; = S or

= S, otherwise n1S5(n2S) € Q3Q2 C Hy, which is a contradiction. If n; =S, n = SSny and
nS — SS(n2S). Recalling that the only terms in Hass of the form SNN are in SS’HESS we
find that we still require naS —s Ho 54 . By this means we conclude that any term n € G may
have SS as prefix any number of times, but its base must be some n’ € (S + SN + SN S)NG.

We check the base for the terms in G in three steps. First, we check S € G by recalling
SS e H(;SS. Second, if n € SN, n = Sns, for some n3 € N, and nS = Sn3S € SNN. However
the only terms in H&SS of the form SNN are in SS”H(;SS. Thus nS = SSS and n = SS. Third,
if n € SN'S, n = Sny S, for some n; € N, and nS — n,5(SS) — Hass. Hence, because
of CLamM [7} n1S € S+ S5, ny = S, and n = SSS. Summarizing, (S + SN + SNS)NG =
S+ 55+ 555. This checks that the base for the terms in G is as we want. O

13
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CLAIM 9.
Hy® = (SSYF[S+SS+B+SB+SKo 5] .

Proof. Using CLAIM we show: SK¢1 55 — K15(SS) — HESS(SS) —% Hy. Then, PrOPO-
siTION [R] verifies:

(SSY[S+SS+ B+ SB+ SKpS]S —
(SSY[SS + 5SS+ BS+ SBS + SK01SS] — (SS)Ho] € Ho.

Suppose that nS —— Hg for some n € N = S+ SN + SNN. If n € SNN, n = Sniny
for some ny, ny € N. Then, nS — n1S(n2S). This way ny = S or ng = S, otherwise
n1S(n2S) € Q399 C Hy, which is a contradiction. If ny = S, n = SSng and nS — SS(nyS),
but we still require noS — Ho. This means any term n € Ho ° may have SS as prefix any
number of times, but its base must be some n’ € (S + SN + SN S)N 7—[65.

If n = SniS € SN'S, nS — 11 9(5S) € Ho. Thus n1S € Hy™", ny € Koi, and n € SKo1 S.
For any n € S§Q3 we have nS € SQ3M C H;, which is a contradiction. However, for all
ne(S+SN)—SQ3=5+S5S+ B+ SB we have nS € SS + SSS + BS + SBS C Hy. This
checks that the base for the terms in H,, * is as we want. O

We can define Eas, [,IS, E;S, and [,gs in a manner similar to that of ’Has. ILe.,
E;S def {neN|nS =L}
for i =0,1,2,3. With these definitions:

COROLLARY 2.

SSY[BS] C (SS)[S Ko S], and

Proof. This partition of H,, ° may be verified by direct computation and using PROPOSITION
O

For any S-term m if m = mym, for some terms m; and m,, we say m, is a right sub-term
of m. We extend the notion of right sub-term to include its reflexive transitive closure. We now
show some results about right sub-term ahead.

CLAIM 10. Given any S-term m. For any m/ such that m — m/, every n € N that is a right
sub-term of m is also a right sub-term of m/.

Proof. Without loss of generality, we can assume m = mymsy € M for some my, ms and m — m’.
With this assumption, the right sub-term n must be a right sub-term of ms. In this reduction,
the redex must be a sub-term of my, with m; — m/, a sub-term of ma, with ms — m}, or the
redex is the entire term, mymq = Smsmy ma, with m; = Smgmy. In the first case m’ = m/mo
and n is readily a right sub-term of m/ms. In the second case m’ = m;m}, we assume that we
can recursively prove the claim for my. Then, n is a right-sub-term of m/, and thus it is a right
sub-term of mlm’z. In the third case m’ = msma(mams), clearly n is a right sub-term of mygms
and also of m/. O

14
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COROLLARY 3. For any n € N, suppose me¢ —s n for some m € M and ¢ € N. Then, ¢ is a
right sub-term of n.

COROLLARY 4. Suppose m 1is the redectum reduced from some redex Sadc with ¢ € N and
m ——s myims. Then c is a proper right sub-term of both my and mo.

Remark 4. Given A = (SSY[D] with D C N, suppose zy — A for some z and y. Then, either
zy — D, or x = S5, or y = S. This is justified as follows: The first two options are trivial. If
none of those two options are satisfied, we would face the reduction zy — SSa € A (for some
a € A!). In such case, COROLLARY [4|imposes the third choice by stating (the normal form of)
y is a proper right sub-term of SS. (Note for any d € D, we can search for all pairs (x,y) so
that 2y — d by exhausting all pairs that satisfy |zy| < |d].)

COROLLARY [] shows that no term is SA'S is a redectum. Neither terms in S + SN are
redecta. After this, Remark |4 above establishes how to determine all xy such that zy ——
(SSY[S+ SN + B+ SB+ SL;SS] = Has (recall CLAIM @ and COROLLARY . For instance,
let:

Ko ¥ (SSY[Sc,")  and K3 ¥ (SSY[SL, S

For these, PROPOSITION [R] tells us:
KaS — Ks.

while Remark [{] ensures no other reductions result in K3. That ensures the sufficiency of:
(Ks) == (Ka) S| 585 (K3)

This way, we can produce a “complete” context free grammar for (Hp) using on the following
set of rules:

—-SS

(i) (Ho) == S|S(N)|SS(Ho)| B(Ho)| (Hy)S | (Hy ) (SS)
)| {Ks)

(i) (Ho™) u= (£, (L)

(iv) (£y7) == (Ko)| (K1)

(v) (L") == B|SB|SS(L)

c= (K2) S| S S (Ks)

—-SS

(i) (Ho™) u= (H,

= (K1) | S (L) | S5 (Ks)
c= (Ko) S| SS (K1)

= S| (K1) S| S8 (Ko)

B = 5(S88)

(vii
(viii
(ix
(x

Our grammar for (N) also needs rules for (Lo), (£1), and (L2). These rules also follow
easily after Remark |4 We have shown already L ° EIS, and L, *in COROLLARY [2| Indeed,
we already have rules for (£, S> and <£IS>. However, L, * is simply presented as a subset of K.
For that reason, we introduce:

)
)
)
)

Ky < (SSY[B].
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Then (note SSS(SS) — BB € Ly but no zy — B(SS)!),

(xi) (Lo) == S|SWNY[(Ly")S ]SS (Lo)

(xil) (L1) == (£,7)S|SS(L)

(xiii) (L) == B(SS)|SSS(SS)|BB|{L;")S|SS(Ls)
(xiv) (£5°) 5= (Ka)S|SS(Ly")

(xv) (K4) == B|SS(Ky)

E Beyond Hy: The sets N " and N7

Recall:
N2 Y fneN|nS 25N} and
N5 e N n(SS) 25 N Y.
Since S+SS C Lo, PART 2, Ho Lo |, easily shows Ho C N5 and Hg € N~ °°. Now, we proceed
to complete the representation of the terms in A % Let:
Ly Y (SS+BY[SH, (S +SS)].
We will show N~ °° = % + £4. After this, we can revise the grammatical rule for (N} to:
(V) = S| (Lo) (N) | (Ho) (Lo) | (L) (Ho) | (£2) (L1) | (N7) S| (La) (SS)

Indeed, we show:

PArT 10.
L4(SS) 1 and (H1ﬂN—£4) (S9)1.

Proof. Recalling PART [2] Ho Lo |,

—SS

SHy " (S + 88) (SS) — (Hy "(89)) (S(8S) + 8S(SS)) = Ho Ly =+ N .
Then, the base of L4, S’Hass(S +58) € N, To extend this to the rest of Ly,

BN ¥(88) 25 S(N°(89)) (SS(N*(S8S))) =5 SN (SSN) C N and
SSN *%(88) — B(N*(88)) = BN C N

prove (SS 4+ B)N ~°° € N ™%, which generalizes to (SS + BY'N "] € N °°. This expands
our initial result for the base of £4 to L4 C N ~%% and equivalently £4(S5S) .

Now, we have to show (H1NN — L4) (SS) 1. Because of PROPOSITION [R] we only need to
show ((SQsM + Q392) N N — L4) (SS) 1. Clearly, Q392NN — L4 C Q3Qs. Then, (Q3Q2N
N — L£4)(SS) T because of CLAIM [2] Q30201 1, and SS € Q1. We have left to show (SQsM N
N = L£4) (SS) 1. For that purpose, we show that n € SQsM NN " only if n € Ly.

Let n € SOsM NN . We can write n = Sning for some ny € Q3N A and ny € N.
Suppose ng € S+ 5S. Then, n = Sniny € Q3095 and if so, n(SS)1, because of CLAIM
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Hence, ny € S+ 58S, son € Sny1(S+S5S). To satisfy n; € Q3NN we have two choices: n; = Sng
for some ng € QsNN, or n1 = Snyns for some ny, n5 € N. In the first case, n; = Sng for some
ng € Q2N N, we have:

n(SS) € S(Sn3)(S + SS)(SS) — Sns(SS)((S+ SS)(SS)) —>
ns (S + S9)(SS)) (SS((S + SS)(SS))).

If ng € Qs the reduction above would show n(SS) 2, Q309291 and so n(SS)7T, which is a
contradiction. Therefore ng € Qs — Q3 = B, so

n e S(SB)(S+SS) C SH, (S +55) C Ly.
In the second case, with n1 = Sngns for some ng,ns € N,

n(SS) € S(Snans)(S + S9)(SS) — Snans(SS) (S + SS)(SS)) —
nq (85) (n5(59)) (S + S5)(59)).

If ny € Q; the reduction above would show n(SS) 2, Q3959; and so n(SS) 7T, which is a
contradiction. Thus ny € ' — Q; = S, so

n(SS) - B(ns(SS)) ((S + SS)(SS))

Let nf € N be such that ns5(SS) —— ni. Either nf € Ho or nk € HiNN. If ' € H; the
reduction above would show n(SS) —— H;Qy and so, because of PART |7, n(SS)1, which is a
contradiction. Therefore nj € Ho and equivalently ns € H,, *%, so

n € S(SSH, ™) (S +89) C SH, " (S + 85) C Ly 0

COROLLARY 5.
HANN T = (85 + BYF[S(SB+ SSHy ) (S + S9)] .

The right sub-terms of £4 are .S, S5, and £4. Because of COROLLARY [3] for the grammar
of (L£4) we only need to describe the sets:

c,” ey {neN|nS =Ly} and

—SS def

L7 = {neN|n(SS) " Ly}
so we could write:
(La) == SS{Ly) | BILL) [ (L)S(L,7)(SS)

We start by proving:

CrLAaiM 11.
L7 = (SSY[SH, .

17
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Proof. Easily, PROPOSITION [R] verifies:
(SSYISH, ™1(SS) == (BY[SH,™*(SS)] € L.

For the complement, assume that n(SS) — H for some n € N' = S + SN + SNN. Clearly
n # 8 because S(SS) ¢ L4. Suppose n € SN. Then, n(SS) € SN(SS) so n(SS) € SH, " (S9)
and n € S’Hass. Suppose n € SNN. Then, n = Sniny for some ny, ng € N and n(SS) —
n1(SS)(n2(SS)). For this, ny = S, because otherwise, n1(55)(n2(SS)) € Q392 but, Q392 being
closed under reduction (CLAM [5) and L4 being a subset of (SS+B)N + N (S+S5S) make that
a contradiction. With n = SSng, n(SS) — B(nz(SS)) but this still requires ny(SS) — Ly.
This means any term n € E;SS may have SS as prefix any number of times but eventually its

base must be some n’ € (S + SN)N L, O

Recall:
S

Ko ' (SSY[S) € Kou & (SS)[S+99] = £,°.

CLAIM 12.
{neN|nSeL;”} = K.

Proof. Easily, PROPOSITION [R] verifies:

KoS = (SS)[S] S = (SS)[SS] C (SSY[SH, OO
For the complement, note that £, C Lo so {n € N |nS € £;”°} C L,” = (SS}[S + S9].
But (SS)[SS] S == (SS)[S], which is disjoint from £, O

CrLAamM 13.
£,° = (SSY[SH,™" + SKoS].
. * —SS * .
Proof. Using CLAIM We show: SKpSS — KoS(SS) — L, 7 (SS) — L4. Easily, PrRoPO-
sITION [R] verifies:

(SSY[SHy " + SKoS]S = (SSY[SHy ™S + SKoSS] == (SS)[L4] C Ly

For the complement, assume nS —s Hg for some n € N = S + SN + SNN. Clearly, n # S,
—SS

because SS ¢ L4. Suppose n € SN. Then, nS € SNS so nS € S?—[&SSS and n € SH,
Suppose n € SNN. Then, n = Snyny for some ny, ng € N and nS — n1S(n2S). This needs
ny = S or ng = 8, for otherwise n1S(n2S) € Q392 but, Q392 being closed under reduction
(Cram |5) and L4 being a subset of (SS+B)N + N (S+5S) make that a contradiction. Suppose
ng = 5. Then, nS = Sn15S — n15(SS) so m S € £,°° and ny € Ky, i.e., n € SKoS. Suppose
ng # 5. Then, ny = S, nS = SSn2S — SS(ngS) but this still requires ny.S —5 £4. This means
any term n € L’;S may have S5 as prefix any number of times but eventually its base must be
some 1’ € (S + SN + SNS)n£;”. O

—-SSs

Note E;SS C E;S and the difference £;S— L, = (SS)[SKyS] C ’Has so {neN|nS
HiNN Y C £, Let:

Ks < (SSY[SKe and K & (SSF[SKoS].
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Then, we can specify a grammar for (L4):

(evi) (La) = SS(La) [ B(La) | (L) S (L) (SS)
(xvid) (£,7) 1= (L7 | (Ke)

(evii) (£,°%) = (Ko) S| S (Hy™") | §8(£,7)

(xix) (Kg) == (K5)S|SS(Ks)

(xx) (Ks) == (Ko) S| S (Ko)|SS(Ks)

Now, the only piece missing in our grammar for (N) is (M 7S>. To fill this gap, we first prove:
PART 11.
N2 = (SLV[S + SN + SHy Lo "+ SLy My "+ 8Ly, L, "+ SL,°8] .
Proof. Readily:

—S,=S

(S+ SN + SHy Ly + S, Hy + SL, L "+ 5L£,°5) §
S8+ SNS + (Hy S) (L S) + (£1°9)(Hy"S) + (£5°9)(£,°S) + (£,°9)(55) =
SS 4+ SN'S +HoLo+ L1Ho + LaL1 + L4(SS) == N,
because of PARTS [2], [3] [4] and Thus,
S+ SN + SHy Ly + 8L Hy + SLy L+ SL,°S € N 77\

Now,

SLGNTS — (Ly°S)NT°S) = LoN =5 N

because of PART [I} Induction based on this gives us:
((SLyFINTTT) S == .
Therefore,
(SLy VS + SN + SHy Ly + SLy My "+ 8Ly, L "+ Sc,°s] € N7
Obviously,
S+ SN C (SLY[S + SN + SHy Ly + SLy Hy + SLy L "+ SL,°S] .
We need to prove for n € N ° N SNN,
€ (SLy VS 4 SN + SHy Lo + SLL M, + SLy L+ SL,°S]

Forn ¢ N° suppose n = Sning for some ny, ng € N. Then, nS — (n15)(n2S). Let

ny, nhy € N be such that n1S —— n} and neS —— nh, so nS — ninh. Now we recall the
covering of N by Hy and H;, and the further covering of Hy by Lo, L1, L2, and £L3. With this
coverings we can safely state

n'lné € LoN +HoLlo+ L1Ho + LoLy + Lo3Log + L3L1 +H1Qa + Lia3H1 + H1(S+SS) .
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The terms at the right are the the expressions in PARTS We cover the alternatives from
these terms leaving Lo N to be the last.

The alternatives ninl, € HoLy + L1Ho + L2£1 occur only if n = Sning € S?-lasﬁas—i—
SﬁISHaS+ Sﬁ;SEIS. The alternatives ninb € LogLog + L3L1 + H1Q2 + L123H1 imply ninf 1
because of PARTS [5] through |8} but this is a contradiction, so we reject them. The alternative

-s

niny € 7—[1(5;55’) forces nf, = SS and so, because osf PART n} € L4. Therefore, ny € L,
and n € SL,S. This far, we have shown for n € N "N SNN,

n e SHy Ly + SLH, + SL, L+ SL,°S or nS = LoN.

Finally, the alternative njnf, € Lo N needs ny € £,” and ny € N °, i.e., n € SL,'N ", This
means that n may have any number of prefixes from SL, * bus ultimately its base must be some
n' € N°% covered by the previous alternatives or n’ € S + SA/. Therefore,

N7 C (SLSV[S + SN + SHy Ly "+ SLy My "+ 8Ly L+ SL,°8] . O
Remark 5. Recall Ho C N NN "%, Now, we can easily check:
Ly = (SS+ BY[SHy (S +59)] C (5L, )V [SH, L,"] € N7

. . —Ss —S
It is no surprise N °~ C N .

After this result, to investigate (N 7S> we only need investigate the redexes that reduce
into N °. Suppose nins is a redex with ni,ny € N, and niny — ng € N %, Since ng is
a redectum, ng ¢ S + SN + SN'S. Then, from the expression for N “% in PART ng €
SLyN "4 SHy Ly + SL, M, "+ SL,°C,°. In short, ning —— SHy "N . We proceed to
analyze exhaustively the choices for ni: We have either ny € Hg, or ny € H1 NN %% and
no =SS, or n1 € Hy AN " and ng = S.

#1. Suppose n; € Hy. We need to examine various cases from ny € (SSY[S + SN + SBS +
SB(SS) + BHy:

(i) Suppose ny € (SS)[S]. If ny = S, the S-term nyny € SN (C N 1) is not a redex. Then,
we are supposing ny = (SSfF1[S] = SS((SS)[S]) for some k > 0. Then,

ning = SS((SSFS]) n2 — Sna((SSF[S]n2) —
SLyN "+ SH, Loy "+ SLLH, + 8L, L7 € N7

Therefore, either ny € £y~ (and (SSF[S]ng == N ) or (SSF[S]ny = Hy".
e Suppose ng € L, %, Then, we may verify:

S

ning € (SSY[S] Lo° == (SLy V[SL,"] C (SLF[SN] € N 7.

e Suppose (SSF[S]ny — Has and ng ¢ Eas. Recalling ’Has = (SS);[S+SS+B+SB+
SLy °S] and the rules for (Ho ®), we determine this needs (SS¥[S] = S and ny = B.
Given this, we verify:

S

niny = (SSS)B — SB(SB) C SL,"H," C N~
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(ii) Suppose n; € (SS)[Sn}] for some n} € N. If ny = Sn/, the S-term niny € SNN is
not a redex (the allowed values for n} and ng can be found in PART . Then, we are
supposing ny = (SSFH[Sn)] = SS((SSf[Sn}]) for some k > 0. Then,

ning = SS((SSF[Sni]) na — Sna((SSF[Sni]n2) ——
SLyN "+ SH Ly + SLU Hy + 5L, € N7
Therefore, either ny € Eas (and (SS)[Sni]ny — N5 or (SSY[Sni]ny — 7-[65.
e Suppose ny € ESS. Then,
ning € (SSYF[SnY] Lo” = (SL Y [SniLy"] © (SL F[SniLy”] € N7
However, from PART for the above statement, we need to match,
SniLy” C SLyN "4+ SHy Ly + SL M, + SLy LT+ SL,S

This is satisfied only if n} € H, ® for any ny € L, ° or if nj € £;S, for the particular
case of ng =S € L, ® These alternatives are verified with:

ning € (SSY[SHy'] Ly = (LY [SHy Ly] € N™° and

ning € (SSP[SL;TS = (SLy°F[SL,S] € N7

e Suppose (SSF[Sn)|ny — Has and ng ¢ Cas. Then, (SSY[Sn}] = SS and ny €
Hy—L£y°. With ny = SS(SS) and ny € £;° for i =1, 2, or 3,
ning € SS(8S)L;° — SL7(SSL;”) C
SLyN "+ SHy Ly + SLH, + SLy,L," € N7

This is only satisfied when ¢ = 1 (note ¢ = 0 is not an option now!). Then, we may
verify,

niny € SS(SS) L% — SLH," < NTF.
(iii) Suppose ny € (SS)[SBS]. Then,
ning = (SSY[SBS|ny == (Sna)[SBSny] == N °.
For this, we need to verify SBSny —— N~ first:

SBSTLQ — BnQ(STLQ) i)
S (n2(Sna)) (Sna(na(Sna))) == SHyN 7.

Thus, ny(Sny) — ’Has. To satisfy this, we need no € S+ SS. This being provided, we
can verify SBSns — N ~° with:

SBSS 5 SB(SSB) € SL; "Hy  C N ™° but
SBS(SS) ¢ <N_S>, because SBS(SS5)S 1 (proof from part 8 after some reductions).
Therefore, given n; € (SSy[SBS], only for ng = S we may verify:

niny € (SSy[SBS|S -
(SSY[SBS S] == (SL,°Y N € N7,
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(iv) Suppose ny = (SS)'[SB(SS)]. Then:
ning = (SSY[SB(SS)na == (Sna)[SB(SS)ny] == N 7.
For this, we need to verify SB(SS)ng — N~ ° first:

SB(SS)ny — Bna(SSns) —= S (na(SSns)) (SSna(na(SSns))) —
S (m(SSnz)) (S (n2(SSna)) (nz(nz(SSn2)))) * SHSSN—S.

Thus, n2(SSns) N Has, but for this we need ny = SS. Then:

SB(SS)ny — S (SS(SS(SS))) (S (SS(SS(SS))) (SS(SS(SS(SS))))) €
(SLo Y[SHe Ly S N

S

Therefore, given ny € (SS)[SB(SS)], only for ny = SS we may verify:

ning € (SSY[SB(5S)](5S) —
(S(S+S59))[SB(SS) (S9)] == (SLy VN~

] SN .
(v) Suppose n; = (SS)Bn] for some n} € Hy. Then,
ning = (SSY[Bn)]ny —= (Sna)[Bning] = N °.
For this, we need to verify Bnfng — N % first:

Brlny - S(ning)(na(ning)) == SLEN "+ SHy Lo + Sy Hy "+ 50,°C,° € N 7F

Therefore, either n\ng € £," (and ng(nfng) —— N7 or na(n)ng) = Hy "~

e Suppose n\ny € Ly". Then, either n} € £,° and ny = S, or n} = 55 and ny € L;".
For these alternatives we compute:

BL,S 25 S(L£,°9)(S(£,°8)) — SL°(SLy°) = (SL°Y[SN] € N™° and
B(SS)Ly° 25 S(SSLy°)(L°(SSLy ")) C SLy Ly Ly = (SLy°FIN ) NV 7

(Note: £4°Ly" == (SL, YN "] was verified in (i) and (i) above.) This way, we may
verify our choice we have with:

ning € (SSY[BLy1S = (SSY[BLyS] == (SLy° PN ¢ N°° and
ning € (SSY[B(SS)| Ly" == (SL° Y [B(SS)Ly"] == (SLFIN T € N7,

e Suppose na(nnz) = Has and ning ¢ Eas. Then, n} = S and ny = SS. In this case,
we may verify:

S

ning € (SSY[BS](SS) —= (S(SS)F[SB(SSB)] € (SLy Y[SHy L") € N~
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In summary, nins —s N forng € Hog— S — SN, only if:

ning € (SSY[S| L, , ning € (SS)[SBS] S,

niny = (SSS) B, ning € (SSY[SB(SS)] (S9),
ning € (SSY[SHy") £y°, ning € (SSY[BLy] S,

ning € (SSY[SL,"] S, ning € (SSY[B(SS)] L,",  or
ning € SS(SS) L;°, ning € (SSY[BS] (SS).

#2. Suppose n; € Hy NN " and ny = §S. Then, ny € (SS + B)[n}] for some n) €
S(SB + SS?—[SSS)(S +885). We will first show ning — (SN [n)nz). Then, we will show that
ning —— N7 is not possible, i.e., nin2S1. From these results and PROPOSITION |R| we can
verify ning — N s impossible.

With PROPOSITION [R] we compute:

ning = (SS+ BY[n}](SS) —— (B4 SS(5S))[n}(SS)].
Clearly n/,(SS) € (SN [n,nz]. Suppose n € (SN)[n)ns]. Then,
Bn = B((SNY[nina]) C (SN [n}n] and
SS(8S)n — Sn(SSn) C (SN [n] € (SN [njns].

Therefore, ning —s (SN [n)na].
We show in no case njny — N~ with the following:

nyng € S(SB+ SSH, ) (S + S9) (S9) —=
S((SSY[SSS + S5(SS) + SSB + SB]) (S + 59)(SS)
((SSY'[SSS + SS(SS) + SSB + SBJ(SS)) (S + S8)(SS)) —
((BY[BB + B(55(59)) + B(B(SS5)) + SB(55)]) (B + S5(55)) .

The left component in the final expression (not yet in normal form!) is a subset of Hy. However,
every application of a term in this left component with a term in the right component, B or
55(S9), fails to match any nsny € HoN such that nzng — N ~% discussed before.

#3. Suppose n1 € Hi NN " and ny = S. Then, ny = Sngny for some nz,ns € N. Naturally,
ning = SnangS — (n35)(n4gS) and n3S —— Ho + Hi. We reject n3S — H1 because if so,
we would have to accept ning —s H1(SS), but this resulting set was proven disjoint from (N 7S>
just above. Then, n3S —— Ho. Let nj,n) € N be such that n3S —— n} and nsS — n/y. Then,
nsn)y € HoN. Therefore, either njn) matches one of the choices found in when supposing
“ny € Ho,” or else ny € SN. For the first alternative, we extract ny € SLy Ly + SK4S from
the result at the end of (K4 = (Ly V¥ justifies the SK4S part). This is because n% cannot
be B(SS), SB(SS), nor in Lo—L,", e.g., not in (SSY[SL,"], and n} cannot be S, B, nor in
EIS. The second alternative forces ny = S5, so ng = S and ning = SSnyS — SS(n4S), which
still requires nyS — N - Therefore, the second alternative only introduces the possibility of
having any number of prefixes SS. However, the base expression must be an S-term given from
the first alternative. Therefore, nins —s N Fforn; eN Fand ng =S , only if:

ny € (SSY[SLyLy"]  or  ny € (SSF[SK4S).
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Let
T o4=gss, Js & (SSY[B(SS)],
T E (SSYISH, T, Jr E (SSYBL,,
Js € (SSy1SLy7. Js € (SSY1SL7.
T ¥ 85(89), Jo & (SSF[SLy9), and
Js X (sSy[SB(SS)], Jio % (SSY[SLy Ly’ + SK4S).
We complete the grammar as follows:
(exi) (V) = S TSN [S (M) (L") 1S (L") (Ho ) | S (L) (£,7) 1 S(L,7) S |
(Ko) (Lo") | {(T0) B (F2) (L") | () S |1 {Ta) (£17) | (£4) S |
(Ts) (S8) [ (Ts) (Lo") | (Tr) S| {To) S | (Tr0) S| (L5 (SS) |
S(L") (NT7)
(xxii) (J1) == A
(xxiii) (Jo) = (Ko) S |S(Hy )| SS(P)
(exiv) (J3) u= < 0) S| S(LL°) | S8 (Ts)
(xxv) (Ja) == SS(SS)[(A)S
(xxvi) (J5) = SB(SS)|SS(J)
(xxvil) (J) u= B(SS)|S5S(Ts)
(exvidd) (J7) w= (Ka) S| B(Ly )| S S (Tr)
(edx) (J5) 5= S(Ly°) | SS ()
(xxx) (Jo) == (Tg)S|SS(Jy)
(o) (Jio) = S (Two) | S(Lo°) (L") | SS(S9) (£,") | AS(Ly") | B(SS)(SS) | (Tu) S
(exxil) (Ji1) = SS(T) [ S(Ka) [ SA(L,") [ SS(SS)A|AS A (Ji2) S
(xxxiil) (J12) = SS(J12) | SS(SA) | SA(SS)
(xxxiv) A u= SS8S

As we can see, for every right rule part of the form X S, where X is a non-terminal, the rule
X := 55 X must be included in the set of rules for X.

The list of predecessors for [J1p was obtained with an analysis like the one shown in the fol-
lowing diagram (the (SS)*[SK4S] case is not shown in the diagram; such terms are immediately
put in (711)). Terms shown overbraced and underbraced in the diagram are at the boundaries
between (J10) and (J11) (S A(Ly") S and S A (L") respectively) or between (J11) and (Ji2)
(SA(SS)S and S A(SS) respectively, S S(SA)S and S S (SA) respectively).
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v=8,y=28S, 2€ (L")
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SS(S9) (Ly")

w—S,y—S,Z—S/

-S

AS (L")

r=8S,y=55,2=88

B(85S)(SS)

a:zA,yE(E(;S),z:S

SA(CO ) S
———
x—S,y—SS,z—%
SS(SS) A
x—S,y—S,z—S/
ASA
r=Ay=S55,2=8

SA(SS)S
—_———

.. SAS € SA(L,)

SS (SASS)

\m—S,y—SAS,z—S

——
SS(SAS)S
—_———

\J::S,yzSA,z:S

———
SS(SA)S
——
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